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Abstract
This paper is concerned with an extension of the well known Kaluza-
Klein mechanism. As the standard ansatz for Kaluza-Klein reduction
implies the existence of a gauge potential associated with the KK field
strength, it follows immediately that this field strength satisfies its Bianchi
identity. Hence, the standard KK formalism breaks down in the presence
of a violated Bianchi identity. This occurs for example in the context of
D6 sources.
We will investigate and partially solve this problem in the context
of the type IIA/M-theory duality. Our discussion is motivated by the
construction of gauge/string duals with backreacting flavor branes using
D6-branes, which appear in M-theory as KK-monopoles.
We are able to derive source-modified equations of motion for the
eleven-dimensional theory, and are subsequently able to obtain the source-
modified type IIA equations by direct dimensional reduction.
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1 Introduction
In the context of M-theory, the relations between type IIA string theory and
eleven-dimensional supergravity are by now standard textbook material (see for
example [1, 2, 3, 4]). The M2-brane gives rise to the D2 and the fundamental
string, the M5 to the D4 and NS5 branes. The D0 and D6-branes on the
other hand have a slightly different origin. Not being related to any brane-
like object in eleven dimensions, they are results of the Kaluza-Klein (KK)
reduction relating the two theories; the former being a particle-like, localized
gravitational excitation on the KK-circle, the latter a peculiar fibration of said
circle over the ten-dimensional base, known as a Kaluza-Klein monopole (a good
review is given by [5]). In this paper, we are concerned with a small gap in this
formalism that becomes apparent when one tries to consider the M-theory lift
of smeared D6-branes.
The problem can be quickly explained. The bosonic sector of eleven-dimen-
sional supergravity contains only the graviton gˆMN and a four-form field Fˆ(4).
Upon KK reduction, Fˆ(4) gives rise to the Kalb-Ramond three-form field H(3)
as well as the Ramond-Ramond four-form F(4). From gˆMN one obtains the
ten-dimensional metric gµν , the dilaton Φ, and a one-form gauge potential A(1),
with an associated field strength F(2) = dA(1). If we assume the KK-circle to
be parameterized by z, the standard KK-ansatz relating the two geometries is1
ds2M = e
−
2
3
Φds2IIA + e
4
3
Φ(A(1) + dz)
2
Fˆ(4) = F(4) +H(3) ∧ dz
(1.1)
1Where the distinction is necessary, hats and tildes denote eleven-dimensional quantities.
Capital letters describe eleven-dimensional indices. The M-theory circle will be parameterized
by either z, ψ+ or ψ.
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Given any solution to the equations of motion of type IIA supergravity, one can
use (1.1) to lift to eleven dimensions and vice versa. However, as A(1) plays the
role of a gauge potential, it is actually F(2) = dA(1) that contains the physically
relevant degrees of freedom. Thus given a set {gµν ,Φ, F(2), H(3), F(4)} one first
has to find a gauge potential prior to lifting. Now assume that for some reason
dF(2) 6= 0. Clearly A(1) cannot exist and we are unable to find a gauge potential.
Therefore we cannot use (1.1) to perform the lift. This is the apparent gap in
the standard formalism we alluded to earlier.
The problem is not a purely formal one. D6-branes couple magnetically to
A(1). As we will explain shortly, the inclusion of D6 sources violates the Bianchi
identity dF(2) = 0 at the position of the sources. While this is not a problem
for localized sources – as a matter of fact it is the reason why the KK-monopole
is a gravitational instanton – one encounters the problem at hand once one
distributes the branes continuously and thus violates the Bianchi identity on an
open subset of space-time.
As an aside it is worthwhile to point out that the relation between D6-branes
and the RR two-form is much the same as that between magnetic monopoles
and the FE&M in standard electro-magnetism. The inclusion of magnetic sources
restores the symmetry of the Maxwell equations. Schematically
d ∗ FE&M = ∗jE dFE&M = ∗jM (1.2)
Thus, the Bianchi identity is violated by the magnetic current jM. In the context
of quantum field theories one speaks of monopole condensation. (See e.g. [6])
In this paper, we will not resolve the issue in full generality, but will focus
on the inclusion of D6 sources in type IIA backgrounds of the form
M10 = R1,3 ×M6 (1.3)
without three of four-form flux, that preserve four supercharges. More precisely,
we will be interested in the construction of string duals to 3 + 1-dimensional
SU(Nc) gauge theories with N = 1 supersymmetry and Nf flavors using D6-
branes. Let us briefly expose some general points concerning gauge/string du-
alities.
Since its discovery, the AdS/CFT correspondence ([7], [8]) has been used
to study a variety of problems ranging from black hole entropy to the physics
of condensed matter systems. In the line of work dedicated to the study of
increasingly realistic gauge theories with physics similar to the one of QCD,
recent years have seen a continuous extension of the duality to gauge theories
with matter fields charged under the fundamental representation of the gauge
group [9]. On the string theory side, the addition of fundamental matter corre-
sponds to the inclusion of branes extending along both the Minkowski directions
associated with the gauge theory as well as a non-compact cycle transverse to
them. As long as one remains in the proble limit, Nf ≪ Nc, it is sufficient
to consider these flavor branes as probes in the background space-time. If one
wants to go beyond this probe approximation ([10, 11, 12, 13]), one needs to
include the backreaction of the flavor branes onto space-time. I.e. one needs to
consider the combined action
S = SIIA + SBranes (1.4)
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where SBranes =
∑
Nf
(SDBI + SWZ) consists of the standard brane action for
every single flavor brane. For other examples, see [14, 15, 16, 17, 18, 19, 20, 21,
22, 23, 24, 25, 26].
Note that apart from [9], all the previously cited duals consider the addition
of flavors to string duals with reduced supersymmetry. One of the main tech-
niques used to reduce the amount of supercharges preserved by the geometry
consists in wrapping the Nc color branes on compact cycles in the geometry
[27, 28, 29, 30, 31]. E.g. one wraps D4-branes on an S1 or D5s on an S2 to
study 3+1-dimensional gauge theories. In general, the preservation of some su-
persymmetry requires the gauge theory living on the brane to be topologically
twisted – see [28].
This paper was originally born out of the interest to study the addition of
flavor branes to type IIA backgrounds dual to N = 1, SU(Nc) super Yang-Mills.
Before flavoring, the geometry is that of Nc D6-branes wrapping a three-cycle
in the deformed conifold.2 In the limit Ncg
2
YM ≫ 1, the backreaction of the
color branes causes the system to undergo a geometric transition. The system
is now best described in terms of the resolved conifold with the branes having
been replaced by Nc units of two-form flux over a two-cycle. This was originally
studied in [32, 33] and the geometric transition is based on the work of [34, 35];
an attempt at generalizing the duality to include finite-temperature duals was
made in [36]. The resulting ten-dimensional background consists of metric,
dilaton and RR two-form (gµν ,Φ, F(2)). Refering back to (1.1) one sees that it
lifts to pure geometry in M-theory, as both H(3) and F(4) are set to zero. It is for
this reason that it is particularly simple and interesting to study these geometries
and dualities from the perspective of eleven-dimensional supergravity. Here, the
equations of motion and supergravity variations simplify to
RˆMN = 0 δǫˆψˆM = ∂M ǫˆ+
1
4
ωˆMAB Γˆ
AB ǫˆ (1.5)
The eleven-dimensional geometry is of the form
M11 = R1,3 ×M7 (1.6)
As the seven-dimensional manifold M7 preserves 1/8-SUSY and is Ricci flat,
it is a manifold of G2-holonomy. The concept of M-theory compactifications
on such manifolds ([37]) is pretty much the same as that of the old heterotic
string models on Calabi-Yau three-folds used in classic string phenomenology.
Mathematically this is reflected by the presence of a three-form φˆG2 that is
closed and co-closed
dφˆG2 = 0 d(∗7φˆG2) = 0 (1.7)
where ∗7 denotes the seven-dimensional Hodge dual on the internal space.
From the point of view of type IIA string theory, the flavoring procedure
is reasonably straightforward. As was shown in [38, 39, 40] and then applied
2To be precise, we will be dealing with conifolds deformed by the presence of branes or
F(2) flux. They do carry SU(3)-structure but are not of SU(3)-holonomy. Therefore, they
are not Calabi-Yau and strictly speaking we should not refer to them as (deformed/resolved)
conifolds. For the lack of a better term however, we shall refer to the internal six-dimensional
manifolds in this paper by that name though, as their topology is the same as that of their
Calabi-Yau cousins.
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to gauge/string duality in [41], the brane action can be written as an integral
over the ten-dimensional space-time instead of as a sum over integrals over the
seven-dimensional world volume,
SBranes = −T6
∫
M10
(e−ΦφD6 −A(7)) ∧ Ξ(3) (1.8)
where φD6 is the so-called calibration form and Ξ(3) takes the role of a source
density for the D6-branes. The presence of SBranes in the modified action (1.4)
gives source term contributions to the equations of motion. Most prominent
among these is the appearance of a magnetic source term for the RR two-form,
dF(2) = −(2κ210T6)Ξ(3) (1.9)
that violates the standard Bianchi identity. In type IIA one accomodates for
this simply by adding a flavor contribution to the RR form,
F(2) = dA(1) + (2κ
2
10T6)B(2) (1.10)
with B(2) → 0 as Nf → 0. (Note that B(2) is not to be confused with the
Kalb-Ramond two-form potential H(3) = dB(2) that will not appear in this
paper.) On a technical side, one anticipates that the flavor branes will deform
the Nf = 0 geometry, and begins therefore by studying deformations of the
original background prior to flavoring. Subsequently one searches for solutions
of the fully backreacted problem. Intuitively one would consider a localized stack
ofNf flavor branes from which it follows that Ξ(3) should contain delta functions
localizing the sources on the internal cycles. This is undesirable as localized
sources break the isometries of the background and do therefore break global
symmetries of the full dual theory (including the KK-modes); the resulting
differential equations are also very hard to solve. Therefore, one distributes the
flavor branes continuously over their transverse cycles. In the process, the flavor
symmetry breaks as U(Nf ) 7→ U(1)Nf . The procedure is known as smearing
and the form Ξ(3) occasionally refered to as the smearing form. As it was shown
in [41], the choice of smearing form is not arbitrary as supersymmetry and the
modified Bianchi identities require it to satisfy
d ∗10 d(e−ΦφD6) = −(2κ210T6)Ξ(3) (1.11)
It is a priori not obvious how to accomodate the violation of the Bianchi
identity (1.9) in M-theory. However, as the sources will not only modify the
Bianchi identity, yet also the dilaton and Einstein equations, it is reasonable to
expect that the eleven-dimensional geometry will not be Ricci flat. Instead, the
Einstein equations should be supplemented by the presence of a source term,
RˆMN − 1
2
gˆMN Rˆ = TˆMN (1.12)
From the loss of Ricci flatness it follows that the manifold can no longer be of
G2-holonomy; as it preserves the same amount of supersymmetry however it is
fair to expect it to carry a G2-structure. Therefore, there is still a three-form
φˆG2 that now fails to be (co)closed. One can anticipate that the failure of the
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manifold to be of G2-holonomy is parameterized by Nf and thus ultimately by
the B(2) contribution to F(2), i.e.
dφˆG2 ∼ (F − dA)
d(∗7φˆG2) ∼ (F − dA)
(1.13)
These expressions, relating forms of different degrees, are to be understood in
such a way that the left hand side vanishes when the right hand side does, and
vice versa. Now for a manifold carrying a G-structure, its failure to be of G-
holonomy is measured by its intrinsic torsion.3 Therefore, we expect the flavors
in eleven dimensions to appear in the form of intrinsic torsion. A detailed study
of the relation between the eleven and ten-dimensional supersymmetry varia-
tions will prompt us to consider eleven-dimensional backgrounds with torsion
τˆ , where the torsion is related to F − dA = B.
Finally we will see that an uplift of our ten-dimensional equations of motion
is given by the relation
R
(τ)
MN +
1
2
R
(τ)
KLRN (∗7φˆ) KLRM = 0 (1.14)
which is the solution to our initial problem. R(τ) is the eleven-dimensional
Riemann (Ricci) tensor with torsion – we have discarded the use of hats to
avoid an overly cluttered notation. As one can always rewrite the Riemann
tensor as a combination of a torsion free Riemann tensor with additional terms
depending on the torsion, it is possible to recast the above equation in the form
of (1.12) with the energy-momentum tensor depending only on the torsion.
At first glance, equation (1.14) appears like a modification of M-theory and
violates all intuition as eleven-dimensional supergravity is unique. However,
one must not forget that we never assumed to solve the problem in its full
generality. As a matter of fact, (1.14) has to be taken with several pinches of
salt – which might not be a surprise, as the inclusion of source terms in theories
of gravity is always a rather difficult business. First of all, (1.14) assumes the
background to be of topology M11 = R1,3 ×M7, with the internal manifold
carrying a G2-structure. Furthermore this means that we are not dealing with
maximal eleven-dimensional supergravity, but with a situation with reduced
supersymmetry – 1/8 BPS – in which case the theory is no longer unique. Still,
as we will see, equation (1.14) manages what the standard KK-ansatz (1.1) does
not. It gives the correct source-modified equations of motion in type IIA.
The structure of this paper is as follows. In section 2 we will begin with
a review of the unflavored geometries in ten and eleven dimensions and then
continue by studying the flavoring problem from the perspective of type IIA.
Following this, we will turn to the issue of the M-theory lift in section 3. The
paper is ammended by several appendices on brane embeddings, spinor con-
ventions and KK reduction. For illustrative and motivational purposes we will
be using a specific case of a M-theory G2-holonomy manifold and its type IIA
reduction in section 2. However, the results of section 3 on the M-theory lift of
smeared D6-branes do not depend on this example or the type IIA reduction
chosen. They only depend on the presence of a G2-structure, four-dimensional
Minkowski space and the absence of M-theory fluxes.
3For intrinsic torsion in the context of string theory see [42].
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Note that (1.14) is not the only result presented here. As we are study-
ing the flavoring problem in type IIA in order to find an answer to the issue
of the M-theory lift, this paper makes also considerable progress towards the
construction of a dual to four-dimensional, N = 1 SU(Nc) super Yang-Mills
with backreacting flavors. For the specific ansatz of section 2, we are able to
derive a set of very generic first-order equations – (2.32) and (2.36) – that have
to be satisfied by smeared D6 sources in this geometry. We proceed to derive
an analytic one-parameter family of solutions in section 2.3. While the fluxes
in this solution satisfy the flux quantization necessary for a string dual, the
geometry is that of a cone over S2 × S3 with a singularity at the origin. So
we expect the interpretation of this solution as a suitable dual to be difficult.
The presentation of the flavoring problem is supplemented by a discussion of
D6-brane embeddings for the geometries at hand in appendix A.
2 Flavored N = 1 string duals from D6-branes
In this section, we will review the source-free string duals in their ten and
eleven-dimensional formulations. Subsequently we will be turning to the issue
of adding sources to the type IIA background. Let us once more emphasize
that the particular choices of eleven-dimensional geometry (and its dimensional
reduction) are of no direct consequence for our results concerning the M-theory
lift of smeared D6-branes. The concrete geometry presented here is chosen due
to its relevance to the flavoring problem in type IIA.
2.1 The eleven-dimensional dual without sources
Building on the work of Brandhuber [43] (see also [44, 45]) we consider the
purely gravitational M-theory background given by the elfbein
e˜µ = dxµ e˜ρ = E(ρ)dρ
e˜1,2 = A(ρ)σ1,2 e˜
3,4 = C(ρ)[Σ1,2 − f(ρ)σ1,2]
e˜5 = B(ρ)σ3 e˜
6 = D(ρ)[Σ3 − g(ρ)σ3]
(2.1)
σi,Σi are left-invariant Maurer-Cartan forms which we chose to be
σ1 = cosψdθ + sinψ sin θdφ Σ1 = cos ψ˜dθ˜ + sin ψ˜ sin θ˜dφ˜
σ2 = − sinψdθ + cosψ sin θdφ Σ2 = − sin ψ˜dθ˜ + cos ψ˜ sin θ˜dφ˜
σ3 = dψ + cos θdφ Σ3 = dψ˜ + cos θ˜
(2.2)
The solutions we are interested in are 1/8-BPS; therefore one can impose the
following constraints onto the SUSY spinor ǫ˜:
Γ˜1234ǫ˜ = ǫ˜ Γ˜1356ǫ˜ = −ǫ˜ Γ˜ρ126ǫ˜ = −ǫ˜ (2.3)
As a direct consequence we can calculate the following spinor bilinear, which
turns out to be the G2-structure form
φ˜G2 = (¯˜ǫΓ˜A0A1A2 ǫ˜)e˜
A0A1A2
= e˜ρ13 + e˜ρ24 + e˜ρ56 + e˜146 + e˜345 − e˜125 − e˜236 (2.4)
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In the absence of four-form flux the preservation of four supercharges is equiva-
lent to the manifold being of G2-holonomy. A necessary and sufficient condition
is the closure and co-closure of the G2-structure form. By imposing dφ˜G2 = 0
and d(∗7φ˜G2) = 0 we obtain the BPS equations
A′ =
E[BD(g − f2) +ACf(1 − g)]
2AB
B′ =
ECf(1− g)
A
D′ =
E[A2(2C2 −D2) + C2D2(f2 − g)]
2A2C2
C′ =
E[ABD − C3f(1− g)]
2ABC
f =
BC
2AD
g = 1− 2f2
(2.5)
The same BPS system follows from demanding that δǫ˜ψ˜M = 0.
The best known solution to (2.5) is the Bryant-Salamon metric [46]. With
A2 = B2 =
ρ2
12
C2 = D2 =
ρ2
9
(1− ρ
3
0
ρ3
) E2 = (1 − ρ
3
0
ρ3
)−1 f = g =
1
2
(2.6)
the metric takes the form
ds2 = dx21,3 + (1−
ρ30
ρ3
)−1dρ2 +
ρ2
12
σ2 +
ρ2
9
(1− ρ
3
0
ρ3
)(Σ− 1
2
σ)2 (2.7)
The seven-dimensional G2 cone actually turns out to be the cotangent bundle
T ∗S3. The geometry is that of a cone over S3 × S3, with each sphere being
parameterized by a set of Maurer-Cartan forms. At ρ = ρ0, the minimum of the
radial parameter, one of the spheres (Σ) collapses, while the other (σ) remains
of finite size. M-theory dynamics on this type of manifold were discussed in [37].
Fluctuations in ρ0 and the gauge potential A3 can be combined into a complex
parameter. However, as these fluctuations turn out to be non-normalizable,
they do not parameterize a moduli space of vacua, yet rather a moduli space of
theories.
There are three U(1) isometries in (2.1) given by ∂φ, ∂φ˜ and ∂ψ + ∂ψ˜ and
there are therefore three different dimensional reductions to type IIA. In each
case one obtains a conifold geometry with flux, with the conifold singularity
being resolved by a deformation or resolution. I.e. there is a cone over S2 × S3
and one of the spheres vanishes at at the minimal radius while the other remains
of finite size. Furthermore, if we choose to reduce along an isometry embedded
in the vanishing sphere, we need to recall that the vanishing of the M-theory
circle indicates the presence of D6-branes. Thus the reduction along ∂φ˜ yields
a deformed conifold with a D6-brane at ρ = ρ0 extending along the Minkowski
directions and wrapping the non-vanishing S3. If one mods out the U(1) by
ZNc before reducing, the corresponding geometry is that of Nc branes. The
other two reductions include non-singular U(1)’s, so we end up with resolved
conifolds. As the M-theory circle is non-singular, there is no D6-brane. There is
F2 flux though on the finite-size two-sphere. The different geometries are related
by a flop transition between the resolved conifolds and the conifold transition
between the deformed and the resolved ones.
In the context of gauge/string duality, the deformed conifold corresponds to
the weak ’t Hooft coupling regime, while the resolved one is to be considered for
large ’t Hooft coupling. Thus the latter provides the appropriate supergravity
dual. M-theory realizes the conifold dualities via the aforementioned moduli
space of solutions. See [32, 33, 37].
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Scherk-Schwarz gauge In what follows we will study the reduction along
∂ψ + ∂ψ˜ . In the context of the flavoring problem of section 2.2 one expects
the system to be best described by one of the resolved conifold geometries with
additional flavor branes. Therefore, out of the three isometries discussed ∂φ and
∂ψ + ∂ψ˜ are the obvious choices. We selected the latter as it leads to simpler
equations in type IIA. The choice made here does affect the flavoring problem,
yet not our results on the M-theory lift. As we are interested in the reduction
of tangent-space quantities, we need to transform the elfbein to Scherk-Schwarz
gauge
eˆAM =
(
e−
1
3
Φeaµ e
2
3
ΦAµ
0 e
2
3
Φ
)
MA
EˆMA =
(
e
1
3
ΦEµa −e
1
3
ΦAa
0 e−
2
3
Φ
)
AM
(2.8)
To obtain the gauge (2.8) from (2.1), we perform the following gauge transfor-
mation:
Λ = Λ(3)Λ(2)Λ(1)
with the individual transformations Λ(1),Λ(2),Λ(3) being
Λ(1) =
(
I9×9
cosα − sinα
sinα cosα
)
Λ(2) =


I5×5
cos
ψ+
2
− sin
ψ+
2
sin
ψ+
2
cos
ψ+
2
cos
ψ+
2
− sin
ψ+
2
sin
ψ+
2
cos
ψ+
2
I2×2


Λ(3) =

 I6×6 cosα 0 sinα0 1 0
− sinα 0 cosα
I2×2


(2.9)
and all other entries zero. Here we defined
cosα(ρ) =
D(1− g)√
B2 + (1− g)2D2 ψ+ = ψ + ψ˜
sinα(ρ) =
B√
B2 + (1− g)2D2 ψ− = ψ − ψ˜
(2.10)
In principle one needs only Λ(1) and Λ(2) to obtain Scherk-Schwarz gauge; yet
without Λ(3) the new projections satisfied by the SUSY spinor would be linear
combinations of the old ones (2.3) with coefficients cosα, sinα. As it is, the
form of the SUSY projections remains invariant under Λ. I.e.
Γˆ1234ǫˆ = ǫˆ Γˆ1356ǫˆ = −ǫˆ Γˆρ126ǫˆ = −ǫˆ (2.11)
Thus the G2-structure (2.4) remains formally the same, with the vielbeins e˜
A
now replaced by eˆA. A disadvantage of the reducible gauge is that the new
vielbein is rather complicated.
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Dimensional reduction and type IIA string theory The resulting type
IIA vielbein is given by
eµ = e
1
3
Φdxµ (2.12a)
eρ = e
1
3
ΦEdρ (2.12b)
e1 = e
1
3
ΦA(cos
ψ−
2
dθ + sin θ sin
ψ−
2
dφ) (2.12c)
e2 = e
1
3
ΦA cosα(cos
ψ−
2
sin θdφ− sin ψ−
2
dθ)
+ e
1
3
ΦC sinα
[
cos
ψ−
2
(sin θ˜dφ˜− f sin θdφ) + sin ψ−
2
(dθ˜ + fdθ)
]
(2.12d)
e3 = e
1
3
ΦC
[
cos
ψ−
2
(dθ˜ − fdθ)− sin ψ−
2
(f sin θdφ + sin θ˜dφ˜)
]
(2.12e)
e4 = −e 13ΦA sinα(cos ψ−
2
sin θdφ− sin ψ−
2
dθ)
+ e
1
3
ΦC cosα
[
cos
ψ−
2
(sin θ˜dφ˜− f sin θdφ) + sin ψ−
2
(dθ˜ + fdθ)
]
(2.12f)
e5 = e
1
3
ΦD sinα(cos θdφ − cos θ˜dφ˜+ dψ−) (2.12g)
While the dilaton and gauge potential are
e
2
3
Φ =
B
2 sinα
=
D(1 − g)
2 cosα
A(1) = cos θdφ + cos θ˜dφ˜+
B2 −D2(1− g2)
B2 + (1− g)2D2 (cos θdφ− cos θ˜dφ˜+ dψ−)
= cos θdφ + cos θ˜dφ˜+ (sin2 α− 1 + g
1− g cos
2 α)(cos θdφ− cos θ˜dφ˜+ dψ−)
(2.13)
Using Γˆ10 = Γ11, the reduction of the SUSY projections takes a more pleasing
form:
Γ1234ǫ = ǫ Γ135Γ11ǫ = −ǫ Γρ12Γ11ǫ = −ǫ (2.14)
This allows us to calculate the generalized calibration form for D6-branes in this
background.
φD6 = (ǫ¯Γa0...a6ǫ)e
a0...a6 = ex
0x1x2x3 ∧ (e125 − e345 − eρ24 − eρ13) (2.15)
Note that the internal three-form part of this is up to some overall dilaton factor
identical to that part of the G2-structure (2.4) independent of eˆ
6.
G-structures In terms of G-structures the situation in type IIA is the follow-
ing. Because we preserve four supercharges, we expect space-time to carry an
SU(3)-structure. As it was shown in [47], it can be directly derived from the
G2-structure of the KK-lift. Centerpiece of that reduction are the relations
J = (φˆG2)ab6e
ab
Ψ = (φˆG2)abce
abc
(2.16)
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For the six-dimensional internal manifold, J defines an almost complex struc-
ture, with respect to which we can define from Ψ a (3, 0)-form Ω as
Ω = Ψ− i ∗6 Ψ (2.17)
These satisfy the equations
J ∧ Ω = 0
J ∧ J ∧ J = 3i
4
Ω ∧ Ω¯
(2.18)
In the case at hand we have
J = eρ5 + e14 − e23
Ψ = eρ13 + eρ24 + e345 − e125 (2.19)
which gives
Ω = Ψ− i ∗6 Ψ = (eρ + ie5) ∧ (e1 + ie4) ∧ (e3 + ie2) (2.20)
Thinking about lifting from ten to eleven dimensions, we can invert equa-
tions (2.16) to express the eleven-dimensional G2-structure in terms of the ten-
dimensional quantities:
φˆG2 = e
−ΦΨ+ e−
2
3
ΦJ ∧ eˆ6
∗7φˆG2 = −
1
2
e−4Φ/3J ∧ J + e−Φ(∗6Ψ) ∧ eˆ6
(2.21)
As previously stated, Ricci flatness, preservation of four supercharges and ab-
sence of four-form flux in eleven dimensions guarantee the G2-holonomy of the
internal manifold. This translates in the closure and co-closure of φˆG2 . As
the fibration of the M-theory circle over the ten-dimensional base is non-trivial,
one obtains non-vanishing two-form flux upon reduction to type IIA. Hence the
internal six-dimensional manifold does not have SU(3)-holonomy due to its in-
trinsic torsion. This means that the forms J and Ω are not both closed. The
relation they will obey can be derived from the closure and co-closure of φˆG2
thanks to (2.21)
dφˆG2 = d(e
−ΦΨ) + dJ ∧ (A(1) + dψ+) + J ∧ dA(1) = 0
d ∗7 φˆG2 = −
1
2
d(e−4Φ/3J ∧ J) + d(e−Φ/3 ∗6 Ψ) ∧ (A(1) + dψ+)
− e−Φ/3(∗6Ψ) ∧ dA(1) = 0
(2.22)
We know that none of the type IIA quantities depends on ψ+. Hence, the
contribution to the previous equations coming from dψ+ must cancel by itself.
It gives
0 = dJ
0 = d(e−Φ/3 ∗6 Ψ)
0 = d(e−ΦΨ) + J ∧ dA(1)
0 = −1
2
d(e−4Φ/3J ∧ J)− e−Φ/3(∗6Ψ) ∧ dA(1)
(2.23)
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These equations can be rephrased (following [47] for example) as
dJ = 0
dΦ =
3
4
eΦdA(1)y(∗6Ψ)
JydA(1) = 0
(2.24)
where
G(p)yH(p+q) =
1
p!
Gµ1...µpHµ1...µpµp+1...µp+qdx
µp+1 ∧ ... ∧ dxµp+q (2.25)
We described in this section the construction of a type IIA background from
the reduction of eleven-dimensional supergravity. We also derived the equations
imposed on the structure by supersymmetry. Now we turn to the problem of
adding backreacting flavors in this ten-dimensional context.
2.2 Smeared sources in type IIA supergravity
2.2.1 The source-modified first-order system
Applying the method developed in [41], we are now addressing the problem of
flavoring the type IIA background obtained in the previous section. It means
that we are looking for a solution to the following action, describing the back-
reaction of smeared D6-brane sources in a type IIA background:
S = SIIA − T6
∫ (
e−ΦφD6 −A(7)
) ∧ Ξ(3) (2.26)
where SIIA is the type IIA supergravity action, φD6 is the calibration form
corresponding to supersymmetric D6-branes, A(7) is the seven-form potential
and Ξ(3) is the smearing form, representing the distribution of sources. The
sources in (2.26) modify the standard type IIA equations of motion and Bianchi
identities to
dF(2) = −(2κ210T6)Ξ(3)
0 = d ∗10 F(2)
0 =
1√−g∂κ(
√−ggκλe−2Φ∂λΦ)− 3
8
F 2 − 3
4
e−ΦΞy(∗10φD6)
Rµν = −2∇µ∂νΦ+ e
2Φ
2
(FµκF
κ
ν −
1
4
gµνF
2
(2))
+
eΦ
4
(
(∗10φD6) κλµ Ξνκλ − gµνΞy(∗10φD6)
)
(2.27)
Fortunately, the flavoring procedure does not require us to explicitly solve the
complete second-order system. Due to the standard integrability arguments
([48, 49]), it is sufficient to satisfy the Bianchi identities along with the first-
order BPS equations.4 However, in section 3 we will show how to derive the
second-order system directly from M-theory.
4Technically there are further mild assumptions to satisfy. I.e. one needs the (0, µ) com-
ponents of the Einstein equation to vanish explicitly.
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The metric ansatz is given by the vielbein (2.12) and the dilaton is assumed
to depend only on the radial coordinate ρ. The calibration associated with
κ-symmetric D6-branes is given by (2.15) which is
φD6 = e
x0x1x2x3 ∧Ψ (2.28)
Supersymmetry requires the two-form flux to obey the generalized calibration
condition
∗10d(e−ΦφD6) = F(2) (2.29)
This tells us that the most general ansatz for F(2) is
F(2) = e
−4Φ/3
(
Fρ5(ρ)e
ρ5+F12(ρ)e
12+F14(ρ)e
14+F23(ρ)e
23+F34(ρ)e
34
)
(2.30)
The conditions given by supersymmetry on this SU(3) geometry with intrinsic
torsion are still given by (see end of section 2.1)
dJ = 0
dΦ =
3
4
eΦF(2)y(∗6Ψ)
JyF(2) = 0
(2.31)
where we have now replaced dA(1) by F(2), thus allowing for dF(2) 6= 0, as
necessary for D6 sources. Together with the generalized calibration condition
(2.29), these equations give the first-order equations the system must satisfy:
f =
A
C tanα
α′ =
E
2
(
2
D tanα
− D
C2 tanα
+
D cosα sinα
A2
− 2F23
)
A′ =
E
2
(
A
D tan2 α
+
D
A
− AD
C2 tan2 α
− 2AF23
tanα
−AF34
)
C′ =
E
2
(
− C
D tan2 α
+
D
C
− CF34
)
D′ =
E
2
(
−2D
2
C2
− D
2
A2
+
DF23
tanα
+ 2
)
Φ′ =
3E
2
(
−D cos
2 α
2A2
+
D
2C2 tan2 α
+
F23
tanα
+ F34
)
Fρ5 =
D cosα sinα
A2
− D
C2 tanα
F12 =
D cos2 α
A2
− D
C2 tan2 α
− 2F23
tanα
− F34
F14 =
D
C2 tanα
− D cosα sinα
A2
+ F23
(2.32)
As mentioned before, the modified equations of motion relate the smearing form
to the two-form flux.
dF(2) = −2κ210T6Ξ (2.33)
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This equation, combined with (2.30) and (2.32), tells us that the most general
ansatz for Ξ is
Ξ = e−5Φ/3
(
Ξ1(ρ)e
ρ34 + Ξ2(ρ)(e
ρ23 + eρ14) + Ξ3(ρ)e
ρ12 + Ξ4(ρ)(e
135 + e245)
)
(2.34)
with
Ξ3 = −Ξ1 − 2Ξ2
tanα
Ξ4 =
F34
2κ210T6D sin
2 α
(2.35)
and the additional conditions
F ′23 =E
(
− F34
D tanα
− DF23 cos
2 α+DF34 cosα sinα
A2
− D
2 cosα sinα
A2C2
+
2F 223
tanα
+
DF23 cos(2α) +DF34 sinα cosα
C2 sin2 α
+
D2 cosα
C4 sinα
+ 3F34F23 − 2κ210T6Ξ2
)
F ′34 =E
(
F34
D tan2 α
− DF34
2A2
+
DF34 cos(2α)
2C2 sin2 α
+
F34F23
tanα
+ 2F 234 − 2κ210T6Ξ1
)
(2.36)
One can verify explicitly that any solution to equations (2.32) and (2.36) auto-
matically verifies the source-modified equations of motion (2.27).
As we want to interpret the two-form flux F(2) as created by brane sources,
we need the flux to be quantized, obeying
∫
S2 F(2) = 2πNc. S
2 is a suitable two-
cycle surrounding the branes in the transverse, three-dimensional space. This
adds constraints on Ξ and F(2):
Ξ1 = Ξ2 tanα
F23 =
−A2D + C4F34 sin2 α+ C2(2Nce 23Φ sinα tanα+D sin2 α+A2F34)
(A2C2 + C4 sin2 α) tanα
(2.37)
that are compatible with the equation (2.36).
2.3 Finding a solution
In this section, we present an analytic solution to the previous system of first-
order equations. We will notice that this solution corresponds to the addition of
sources in the singular conifold. First, we can directly solve one of the equations
in (2.32):
D = e
2
3
ΦNcC
2 sinα tanα
A2
(2.38)
Let us now specialize to the case Ξ2 = 0. We see that this reduces the freedom
of the smearing form to
Ξ(3) =
e−5Φ/3F34
2κ210T6D sin
2 α
(e135 + e245) (2.39)
The branes smeared with this particular form would correspond to branes ex-
tended in the radial direction ρ in a trivial way. For a discussion of κ-symmetric
brane embeddings in this geometry, see appendix A. This simplification enables
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us to solve the equation for the last unknown component of the two-form flux
F(2):
F34 = e
2
3
ΦNf sinα
AC
(2.40)
where Nf is a constant of integration related to the number of flavors in the
dual field theory. We now suppose that the two-form flux is independent of the
radial coordinate ρ, a property verified in other examples of string duals. This
imposes that
A2 = C2 sin2 α (2.41)
Finally, we assume f to be constant. A look at the original metric (2.12) tells
us that f parameterizes the fibration between the two spheres – this becomes
rather more obvious in (2.1). Thus if f is independent of ρ, the fibration does
not change if we flow along the radial direction. Then we can solve the full BPS
system analytically, and we find:
D2 = e
4
3
ΦN
2
c
f2
A2 = e
4
3
Φ 4N
2
c (1− f2)2
3f2
C2 = e
4
3
Φ 4N
2
c (1− f2)
3f2
E2 =
16N2c (1− f2)2
f2
[(e
2
3
Φ)′]2
cosα = f
Nf = ±Nc(4f
2 − 1)
3f
(2.42)
where 0 < f < 1. The two-form flux is
F(2) =−Nc
(
sin θdθ ∧ dφ+ sin θ˜dθ˜ ∧ dφ˜
)
+Nf sinψ−
(
dθ ∧ dθ˜ + sin θ sin θ˜dφ ∧ dφ˜
)
+Nf cosψ−
(
sin θ˜dθ ∧ dφ˜+ sin θdθ˜ ∧ dφ
) (2.43)
At this point we notice that we can write the metric explicitly as a cone
upon redefinition of the radial coordinate. We take
r =
4Nc(1− f2)
f
e2Φ/3 (2.44)
then dr2 = E2dρ2 and the metric is
ds2IIA = e
2Φ/3
(
dx21,3 + dr
2 + r2dΩ2int
)
(2.45)
where
dΩ2int =
1
12
(dθ2 + sin2 θdφ2) +
1
12(1− f2) [(ω1 − fdθ)
2 + (ω2 − f sin θdφ)2]
+
1
16(1− f2) (ω3 − cos θdφ)
2
(2.46)
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We can first notice that taking the limit Nf → 0 for this solution gives the
singular conifold. It indeed correspond to taking f → 12 , giving
ds2Nf→0 =
r
6Nc
(
dx21,3 + dr
2 +
r2
12
(dθ2 + sin2 θdφ2)
+
r2
9
[(ω1 − 1
2
dθ)2 + (ω2 − 1
2
sin θdφ)2] +
r2
12
(ω3 − cos θdφ)2
)
(2.47)
Secondly, we have quantization of the two-form color flux, which is necessary
for the gauge/string duality.
The interpretion of the additional flavor terms to the flux is not clear. A
look at the solution and appendix A prompts us to suspect that the interpreta-
tion of the sources as being due to flavor branes is more straightforward if one
reduces along ∂φ. It should be interesting to consider the solution at hand in
the context of conifold transitions though. Of course, this is just one solution
of the BPS equations of this particular dimensional reduction. Other solutions
might also present interesting properties. In any way, we leave the study and
interpretation of flavored solutions to future work, and turn in the following
back to the problem of the M-theory lift.
3 Back to M-theory
Having studied the flavoring problem of D6-branes in the background (2.12) in
the previous section, we have sufficient intuition to turn back towards the more
general case of smeared D6 sources in M-theory. The discussion here is fairly
generic and requires only the presence of the various G-structures as well as the
overall topology R1,3 ×M.
3.1 Lifting the SUSY variations
3.1.1 The G2-structure
Our considerations in the introduction about the loss of Ricci flatness prompted
us to consider the appearance of intrinsic torsion. So we will begin our attempt
at finding a candidate M-theory lift with magnetic A(1) sources by studying
the ten and eleven-dimensional G-structures. Originally we were dealing with a
G2-holonomy manifold in eleven dimensions. Then we reduced it to an SU(3)-
structure in ten dimensions, following the equations (2.16). After this we fla-
vored the theory, which changed the structure equations in ten dimensions (2.23)
by replacing dA(1) by F(2). However, after adding sources in type IIA super-
gravity, we have F(2) 6= dA(1). So, if we try to lift back to eleven dimensions,
we start from
0 = dJ
0 = d(e−Φ/3 ∗6 Ψ)
0 = d(e−ΦΨ) + J ∧ F(2)
0 = −1
2
d(e−4Φ/3J ∧ J)− e−Φ/3(∗6Ψ) ∧ F(2)
(3.1)
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When we then look at the G2-structure we find, combining (2.22) with the
above,
dφˆG2 = −J ∧ (F(2) − dA(1))
d ∗7 φˆG2 = e−Φ/3(∗6Ψ) ∧ (F(2) − dA(1))
(3.2)
So sources in type IIA supergravity translate in eleven dimensions to the loss of
G2-holonomy and the appearance of torsion proportional to F(2)−dA(1) = B(2).
3.1.2 The SUSY variations
The previous section gave a first confirmation of our suspicion that geometric
torsion should allow us to accomodate for the sources in M-theory. This sug-
gests that all geometric quantities such as covariant derivatives and curvature
tensors should be replaced by their torsion-modified relatives. Simplest among
these is the covariant derivative, which makes an explicit appearance in the
eleven-dimensional supergravity variation δǫˆψˆM = DM ǫˆ, which yields the IIA
supergravity variations upon KK-reduction. In appendix B we therefore study
how this equation and its Kaluza-Klein reduction change upon inclusion of a
torsion tensor5 τˆ
δǫˆψˆM = ∂M ǫˆ+
1
4
ωˆMABΓˆ
AB ǫˆ+
1
4
τˆMABΓ
AB ǫˆ ≡ D(τ)M ǫ (3.3)
The result is given in (B.18) and we proceed by investigating what constraints
we have to impose on τˆMAB in order for the lower-dimensional variations to
include magnetic sources.
Now from the form of the dilatino variation (Einstein frame),
δǫλ =
3
16
1√
2
e
3
4
Φ(dAbc + 2e
−
3
2
Φτˆzbc)Γ
bcǫ+
√
2
4
(∂bΦ+
3
2
e−
3
4
Φτˆzbz)Γ
bΓ11ǫ
(3.4)
it follows that we have to demand τˆzaz = 0 and τˆzbc = T6κ
2
10
e
3
2
Φ
2 Bbc, as (3.4)
then takes the form
δǫλ =
3
16
1√
2
e
3
4
ΦFbcΓ
bcǫ+
√
2
4
∂bΦΓ
bΓ11ǫ (3.5)
with the two-form now no longer closed, F = dA+ T6κ
2
10B.
Substituting τˆzaz and τˆzbc into the gravitino varition of (B.18) we see that
if we impose
τˆzaz = 0 τˆzbc =
e
3
2
Φ
2
Bbc τˆµbc =
e
3
2
Φ
2
AµBbc τˆµbz = −e
3
4
Φ
2
Bµb (3.6)
the gravitino variation turns also to the desired form
δǫψµ = ∂µǫ+ e
a
µ
1
4
ωabcΓ
bcǫ+
1
64
e
3
4
ΦeaµFcd
(
ηabΓ
bcd − 14δcaΓd
)
Γ11ǫ (3.7)
5Of course, once we include the torsion and proceed from DM ǫˆ to D
(τ)
M
ǫˆ, it is not certain
whether this defines a SUSY variation of a supergravity theory. What we do know for certain
however – and will show in the following – is that the naive dimensional reduction of the usual
eleven-dimensional SUSY variation does not yield the correct type IIA one and that (3.3)
gives a first order differential on the spinor that does reduce to the correct equations. With
this in mind, we write δǫˆψˆM = D
(τ)
M
ǫ.
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Equations (3.5) and (3.7) are important results. If one performs a KK-reduction
of the original supergravity variation without torsion, δǫˆψˆM = DM ǫˆ, one obtains
supergravity variations including dA(1), yet not B(2) = F(2)−dA(1). By adding
the torsion term to the eleven-dimensional supergravity variation, we are able
to directly derive the ten-dimensional variations with F(2) instead of dA(1).
Looking back at (3.3) it is fair to say that the spin connection ωˆMAB contains
dA(1), while the torsion carries the B(2) term necessary to complete F(2). The
right-hand side of (3.3) is constituted of two parts. The first two terms are the
ones coming from the lift of the IIA part, and are exactly the terms present in
eleven-dimensional supergravity. The last term, which is the only one involving
the torsion, corresponds to the lift of the contribution of the sources to the
ten-dimensional supergravity variations. Thus, it seems that, mimicking what
happens in ten dimensions, we are in presence of the usual eleven-dimensional
supergravity plus some sources.
Using the torsion-modified covariant derivative for spinors (3.3) we can also
define such an operator ∇(τ) for tensors. The relevant connection coefficients Γ
are
ΓKLM = { KLM }+KKLM
KAMB = τˆMAB
(3.8)
where { KLM } is the Levi-Civita connection. With the help of ∇(τ), we can
rewrite equations (3.2) as
∇(τ)M φˆG2 = 0
∇(τ)M (∗7φˆG2) = 0
(3.9)
One should remember that the original BPS equations could be written geo-
metrically as ∇M φˆG2 = 0 and ∇M ∗7 φˆG2 = 0 yet that these ceased to be
valid once we include the sources in ten dimensions – as we discussed in section
3.1.1. Equations (3.9) show however that these geometric BPS equations remain
formally invariant once we include torsion.
3.2 The equations of motion
We shall finally turn to the search for equations of motion in M-theory that
reduce to the source-modified second-order equations in type IIA as given in
equation (2.27). To find these equations, we actually reverse the integrabil-
ity argument that allowed us to consider the first instead of the second-order
equations in sections 2.2.1 and 2.3.
To get an idea of what we are about to do, let us briefly digress to the
simple case without any flavors or sources. The Bianchi identities are the usual
ones, the equation of motion is simple Ricci flatness, RˆMN = 0, and the G2-
structure is closed and co-closed. Thus the latter satisfies ∇M φˆG2 = 0. Taking
the commutator
0 = [∇K ,∇L]φˆG2MNP
= −RˆSMKLφˆG2SNP − RˆSNKLφˆG2MSP − RˆSPKLφˆG2MNS
(3.10)
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Upon contraction of (3.10) with φˆG2 , we find
6
0 = 2RˆKL + RˆMNPL(∗7φˆG2) MNPK (3.11)
In the absence of torsion, RˆMNPL(∗7φˆG2) MNPK = 0, due to the well-known
symmetries satisfied by the Riemann tensor,
RˆK[LMN ] = 0
RˆKLMN = RˆMNKL = −RˆMNLK
(3.12)
Therefore, our space-time is Ricci flat and the equations of motion are satisfied.
After this brief digression, we return to the original problem. Our aim is
to find a suitable equation of motion in M-theory, that reduces to (2.27) upon
dimensional reduction. For consistency this equation of motion needs to reduce
to simple Ricci flatness in the limit where the type IIA source density Ξ – equiv-
alently the torsion τˆ in M-theory – vanishes. In opposite to our considerations
in the previous paragraph, the G2-structure does no longer satisfy ∇M φˆG2 = 0,
but instead satisfies ∇(τ)M φˆG2 = 0. So we can once more consider the commu-
tator of covariant derivatives. The identities of footnote 6 used to derive (3.11)
still hold, yet (3.12) do not, and we arrive at the main result of this paper, the
M-theory lift of the source-modified equations of motion
0 = 2Rˆ
(τ)
KL + Rˆ
(τ)
MNPL(∗7φˆG2) MNPK (3.13)
where Rˆ(τ) is the Riemann (Ricci) tensor in the presence of torsion.
As we have pointed out before, the BPS equations in their geometric form –
∇(τ)M φˆG2 = 0 – are equivalent to those obtained from the SUSY spinor ǫ, D(τ)M ǫ =
0. Therefore we could have derived (3.13) also using (3.3). A commutator of
covariant derivatives acting on the SUSY spinor yields
0 = Rˆ
(τ)
CDMLΓˆ
CD ǫˆ (3.14)
We then contract with ¯ˆǫΓˆ MK and make use of the identity
ΓAΓBΓCΓD = ΓABCD + ηABΓCD − ηCBΓDA + ηCDΓAB + ηDAΓBC
− ηACΓBC − ηBDΓAC + ηABηCD − ηACηBD + ηADηBC (3.15)
it follows that
0 = 2(¯ˆǫǫˆ)Rˆ
(τ)
KL + (
¯ˆǫΓˆ MNPK ǫˆ)RˆMNPL +O
(
¯ˆǫΓˆAB ǫˆ
)
(3.16)
The assumptions made about the SUSY spinor ǫˆ imply that there is a G2 struc-
ture that can be expressed as
∗7φˆG2 = (¯ˆǫΓABCDǫˆ)eˆABCD (3.17)
6 As one can verify by direct calculation using (2.4), the G2-structure satisfies
φˆG2lmnφˆ
kmn
G2
= 6δkl
φˆ
klp
G2
φˆG2mnp = (∗7φˆG2)
kl
mn + δ
k
mδ
l
n − δ
k
nδ
l
m
k, l,m, n, p denote indices of the seven-dimensional internal manifold.
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They also imply that all terms of the form ¯ˆǫΓˆAB ǫˆ vanish. Hence (3.13) follows
from (3.16).
The equations of motion (3.13) can be rewritten in a more typical and en-
lightning fashion using the Einstein tensor
RˆKL − 1
2
gˆKLRˆ = TˆKL (3.18)
where TˆKL is the energy-momentum tensor of the sources. It can be written in
terms of the torsion as
TˆKL = ∇LKMMK −∇MKMLK +KMLPKPMK −KMMPKPLK
+
1
2
(∇LKMPN −∇PKMLN +KMLQKQPN −KMPQKQLN)(∗7φˆG2) MNPK
+
1
2
gˆKL
(∇MKM QQ −∇QKM QM +KMMPKP QQ −KMQPKP QM )
+
1
2
gˆKL
(∇PKMQN +KMPRKRQN )(∗7φˆG2)QMNP
(3.19)
where KMNP is the contorsion tensor (see (3.8)). From (3.18), we can see that
the Einstein equation we are proposing contains two terms: on the left-hand side,
one has the Einstein tensor one would get from varying the eleven-dimensional
supergravity action with no four-form flux; on the right-hand side, one has an
energy-momentum tensor that vanishes when the torsion is set to zero. When
the torsion vanishes, so does Tˆ and one recovers the M-theory Einstein equation.
Writing the equation in this form makes very clear the fact that the lift of type
IIA supergravity with sources is eleven-dimensional supergravity supplemented
by some sources. Unfortunately, we were not able to find an action that would
be responsible for this energy-momentum tensor. To summarize, we claim that
having sources in ten dimensions corresponds to having an energy-momentum
tensor in eleven dimensions, of the form presented above.
To verify our claim, we will now perform the explicit dimensional reduction
of (3.13), and show that we recover all the equations of motion of type IIA with
sources. The calculations are – as so often in supergravity – straightforward
yet tedious. We found [50] quite helpful, yet not essential. The reader not
interested in mathematical details might want to skip ahead to the end of this
section, where we summarize our findings. Notice that in the following, despite
the fact that we dropped the superscript (τ) for simplicity of notation, all hatted
Riemann and Ricci tensor are considered in the presence of torsion.
Let us start with the zz-component of (3.11). We find
Rˆzz = −2
3
e4Φ
1√−g∂µ(
√−ge−2Φ∂µΦ) + 1
4
e4ΦF 2
(∗7φˆG2) SPKz RˆSPKz = e3Φ(∗6Ψ)ydB
(3.20)
from which it follows that
0 = 2Rˆzz + (∗7φˆG2) SPKz RˆSPKz
= −4
3
e4Φ
1√−g∂µ(
√−ge−2Φ∂µΦ) + 1
2
e4ΦF 2 + e3Φ(∗6Ψ)ydB
=
1√−g∂µ(
√−ge−2Φ∂µΦ)− 3
8
F 2 − 3
4
e−Φ(∗10φD6)yΞ
(3.21)
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Here we used that ∗6Ψ = − ∗10 φD6 and dB = dF = −Ξ. And we notice that
we find the source-modified ten-dimensional equation of motion for the dilaton
as in (2.27).
Now we investigate the µz-component of (3.11). We find
Rˆµz = −1
2
e2Φ∇νFνµ +AµRˆzz
(∗7φˆG2) SPKµ RˆSPKz = −
1
6
eaµ(∗7φˆG2)abcd(dB)bcd +Aµ(e3Φ(∗6Ψ)ydB)
(3.22)
Now we have
1
6
eaµ(∗7φˆG2)abcd(dB)bcd =
1
6
(∗6J)µbcd(dB)bcd
=
1
12
√−g(6)ǫαβµνρσJαβ(dB)νρσ
=
1
12
1
6!
∗6 (dxµ ∧ J ∧ dB)
=
1
12
1
6!
∗6 [dxµ ∧ d(J ∧B)]
= 0
(3.23)
because supersymmetry tells us that dJ = 0 and d(J ∧B) = d(dφˆG2) = 0. Thus
0 = 2Rˆµz + (∗7φˆG2) SPKµ RˆSPKz
= −e2Φ∇νFνµ + 2AµRˆzz − 1
6
eaµ(∗7φˆG2)abcd(dB)bcd +Aµ(e3Φ(∗6Ψ)ydB)
= −e2Φ∇νFνµ +Aµ[2Rˆzz + e3Φ(∗6Ψ)ydB]
(3.24)
The term in square brackets is equal to the zz-component of (3.11) and the
remaining part corresponds to the Maxwell equation for F(2).
The zν-component7 of (3.11) gives
Rˆzν = −1
2
e2Φ∇ρFρν +AνRˆzz + 2
3
e2Φ(dA − F )νρ∂ρΦ
(∗7φˆG2) SPKz RˆSPKν = e3ΦBνβ [Fy(∗6Ψ)]β +Aν(e3Φ(∗6Ψ)ydB)
=
4
3
e2ΦBνβ∂
βΦ+Aν(e
3Φ(∗6Ψ)ydB)
(3.25)
with dΦ = 34e
ΦFy(∗6Ψ) due to sypersymmetry. Putting things together
0 = 2Rˆzν + (∗7φˆG2) SPKz RˆSPKν
= −e2Φ∇ρFρν +Aν [2Rˆzz + e3Φ(∗6Ψ)ydB]
(3.26)
This agrees with the µz-component. Let us finally look at the µν-component of
7One might suspect this to be identical to the µz-component. Due to the presence of torsion
however, the Ricci tensor is no longer symmetric and one has to check this independently.
Interestingly, the Kaluza-Klein reductions of µz and zν are already different in the torsion-
free case. Here the two differ by F − dA however, which vanishes in source and torsion-free
geometries.
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(3.11). We have
Rˆµν = Rµν + 2∇µ∂νΦ− e
2Φ
2
(Fµρ(dA)
ρ
ν −
1
4
gµνF
2)− 1
2
Aν∇ρFρµ +AµRˆzν
− e
−2Φ
2
gµνRˆzz
(3.27)
and
(∗7φˆG2) SPKµ RˆSPKν = Aµ[(∗7φˆG2) SPKz RˆSPKν ] +
4
3
eΦ(∗6Ψ) cdµ Bνd∂cΦ
− 1
6
Aνe
2Φeaµ(∗7φˆG2)abcd(dB)bcd − eΦ(∗6Ψ) cdµ ∇dBνc
+
1
2
e2Φeaµ(∗7φˆG2)abcdBνdFcb −
1
2
eΦ(∗6Ψ) cdµ ∇νBcd
(3.28)
Let us first notice that
(∗6Ψ) cdµ (∇dBνc +
1
2
∇νBcd) = 1
2
(∗6Ψ) cdµ (dB)νcd (3.29)
Then from previous computation we know that
eaµ(∗7φˆG2)abcd(dB)bcd = 0 (3.30)
Here are formulae that are going to be useful in the following calculations:
(∗6Ψ)fab(∗6Ψ) fcd = ηacηbd − ηadηbc + JacJdb + JadJbc
1
2
(J ∧ J)abcd = JabJcd + JacJdb + JadJbc
(3.31)
and once again
∂aΦ =
3
4
eΦ(Fy(∗6Ψ))a = 3
8
eΦF bc(∗6Ψ)bca (3.32)
So
(∗7φˆG2)abcdFcb = −
1
2
(J ∧ J)abcdFcb
= Fcb(J
abJcd + JacJdb + JadJbc)
= 2JabFbcJ
cd
(3.33)
because supersymmetry dictates that FyJ = 0. And
(∗6Ψ) cdµ ∂cΦ = −
3
8
eΦF fg(∗6Ψ) dcµ (∗6Ψ)fgc
= −3
4
eΦ(F dµ + J
f
µ FfgJ
gd)
(3.34)
So if we now put everything together, we get
(∗7φˆG2) SPKµ RˆSPKν = Aµ[(∗7φˆG2) SPKz RˆSPKν ] + e2ΦeaµBνdJabFbcJcd
− 1
2
eΦ(∗6Ψ) cdµ (dB)νcd − e2ΦBνd(F dµ + J fµ FfgJgd)
= Aµ[(∗7φˆG2) SPKz RˆSPKν ]−
1
2
eΦ(∗6Ψ) cdµ (dB)νcd
− e2ΦF dµ Bνd
(3.35)
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So looking finally at the whole picture
0 = 2Rˆµν + (∗7φˆG2) SPKµ RˆSPKν
= 2Rµν + 4∇µ∂νΦ− e2Φ(Fµρ(dA) ρν −
1
4
gµνF
2)−Aν∇ρFρµ − e2ΦF dµ Bνd
− e−2ΦgµνRˆzz +Aµ[(∗7φˆG2) SPKz RˆSPKν ]−
1
2
eΦ(∗6Ψ) cdµ (dB)νcd +Aµ2Rˆzν
= 2Rµν + 4∇µ∂νΦ− e2Φ(Fµρ(dA+B) ρν −
1
4
gµνF
2)−Aν∇ρFρµ
+Aµ[2Rˆzν + (∗7φˆG2) SPKz RˆSPKν ]− e−2Φgµν [Rˆzz +
1
2
e3Φ(∗6Ψ)ydB]
− 1
2
eΦ(∗10φD6) ρσµ Ξνρσ +
1
2
e−2Φgµνe
3Φ(∗6Ψ)ydB
(3.36)
which gives
0 = 2Rµν + 4∇µ∂νΦ− e2Φ(FµρF ρν −
1
4
gµνF
2)
− 1
2
eΦ
(
(∗10φD6) ρσµ Ξνρσ − gµν(∗10φD6)yΞ
)
−Aν∇ρFρµ +Aµ[2Rˆzν + (∗7φˆG2) SPKz RˆSPKν ]
− e
−2Φ
2
gµν [2Rˆzz + e
3Φ(∗10φD6)yΞ]
(3.37)
where we recognize the first two lines of this equation as being the Einstein
equation of type IIA supergravity with sources and the rest vanishes thanks to
other components of (3.11). This completes the reduction of eleven-dimensional
Einstein equations to the type IIA supergravity equations of motion.
To summarize, in this section we showed that the equation of motion of
eleven-dimensional supergravity with torsion (3.13), which is given to us by in-
tegrability, reduces to the source-modified type IIA supergravity equations of
motion (2.27). It thus shows that adding torsion to eleven-dimensional super-
gravity reduces to adding smeared D6 sources in type IIA supergravity.
4 Conclusions, future work
In this paper we have been interested in two related issues: the addition of D6-
branes as smeared sources to a type IIA background, and the lifting of such a
system to eleven-dimensional supergravity. We considered these in the context
of 1/8 BPS solutions of the form R1,3 ×M, a fact represented by the presence
of a G2 or SU(3)-structure.
Concerning the problem of the M-theory lift, we showed that ordinary eleven
dimensional-supergravity cannot accomodate for the presence of the additional
sources and argued that a possible solution might lie in the inclusion of geometric
torsion. While our argument was founded on the observed loss of Ricci flatness in
the higher-dimensional theory, we were able to show by explicit calculation that
the supersymmetry variations take the required form upon addition of torsion.
Moreover, the torsion must take the form (3.6), related to the distribution Ξ(3) of
the sources in the reduced theory. Subsequently we derived a set of second order
equations that could be the equations of motion of some eleven-dimensional
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supergravity with torsion, and proved that they reduce to the type IIA equations
of motion with smeared D6-branes. As we pointed out, this work is not in
contradiction with the uniqueness of supergravity in eleven dimensions, because
we are only considering a theory that preserves four supercharges. We did
not of course show that there is a well defined theory in eleven dimensions
that is supersymmetric and has the field content of both eleven dimensional
supergravity as well as of the additional torsion. One should not forget however,
that we are not studying the uplift of SIIA, which is well known, but of
S = SIIA + SD6-sources (4.1)
The problem was first addressed in [52] whose authors found a seven-dimensional
gauged sigma model action that reduces to the DBI-term of the D6 brane. They
were unable to find a suitable uplift of the Wess-Zumino term however. While
this paper does not solve the problem in the sense of [52], it does succeed
in lifting the ten-dimensional equations of motion to pure eleven-dimensional
geometry. The question whether the results are just an accidental rewriting
of type IIA dynamics in higher-dimensional notation or do actually point to
a higher dimensional supersymmetric theory that includes torsion is left for
further work.
While there is a long history of the uses of torsion in the context of string
theory, the torsion used in papers such as [51] and [42] is related to the presence
of fluxes, not of sources. Therefore the addition of further torsion is a rather
unorthodox concept. So it is necessary to wonder if we would not have been
able to solve the problem at hand with simpler methods. As mentioned before,
our argument was based on the loss of Ricci flatness in eleven dimensions. One
might guess that it is possible to use the four-form in M-theory, Fˆ(4), to obtain a
suitable energy-momentum tensor to supplement the Einstein equations. This
however leads to four and three-form flux in type IIA, in contradiction with
our results of section 2. Another possibility would be to use the KK-monopole
action of [52]. There the authors constructed a gauged sigma model action
(A.1) that is the dimensional uplift of the DBI term of a D6-brane. Using this,
one could try to lift the action (1.4) to M-theory. Yet considered in connection
with the standard Kaluza-Klein mechanism, (1.4) is an action in terms of dA(1),
not F(2). So even if one were able to lift the brane contribution to (1.4), the
supergravity part would still be lacking the source contribution. Still, it might
be interesting to try to match the sigma model action [52] with the inclusion of
torsion.
As we mentioned before, our calculations here depend on several assump-
tions. Most notable among these are the presence of the G2-structure and the
Minkowski directions in the metric. Relaxing both of these would be a very
interesting avenue to follow in the future.
One should also be able to extend the considerations of this paper to the case
of KK theories with non-abelian field strengths. While this is not directly related
to the issue of smeared D6-branes, one should be facing the same difficulties we
did; after all the existence of a gauge potential is again implied by the KK-
ansatz.
A further extension and application of the results of this paper lies outside of
string theory. A close look at the considerations made in section 3 shows that we
hardly make any use of string or M-theory. The setup is merely that of a U(1)
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Kaluza-Klein theory in d and d+ 1 dimensions with monopole condensation in
the lower dimensional theory. Hence the results of this paper may be reexpressed
as follows: a monople condensate in a d-dimensional Kaluza-Klein theory might
be described as torsion in d+ 1 dimensions.
The other problem studied in this paper is the construction of a gravity
dual to N = 1, SU(Nc) super Yang-Mills with flavors. We addressed this in
section 2. Here we found a system of first-order BPS equations that describes
the addition of D6 sources to the type IIA background (2.12). At the end of
section 2, we presented a family of exact solutions. The detailed study of these,
especially concerning the physics of their gauge theory dual, has not been made
and could be of interest as future work, as well as finding other solutions.
Discussing the addition of flavors to (2.12), we ignored the complicated issue
of conifold transitions. Recall that depending on the value of Ncg
2
YM the unfla-
vored system was best described by either D6-branes on the deformed conifold
(Ncg
2
YM ≪ 1) or pure two-form flux on the two-sphere in the resolved conifold
(Ncg
2
YM ≫ 1). It is a priori not clear that this is still the case upon addition of
flavors – a problem that could be studied using topological string theory as in
[34], type IIA string theory or M-theory ([32]).
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A D6-brane embeddings
We will now discuss D6-brane embeddings in the three type IIA reductions of the
Bryant-Salamon metric (2.7). In principle one would have to study each of the
three reductions independently, but as we will show now it is actually possible
to search for these embeddings directly in M-theory. Strictly speaking we will
do nothing but rewriting the calibration condition of type IIA string theory in
eleven-dimensional notation. However this turns out to be quite useful, as the
M-theory expressions are more compact and less convoluted than their lower-
dimensional counterparts.
The starting point is the gauged sigma model action of [52]. Here, the
authors constructed an action that is the eleven-dimensional uplift of the DBI
action of a D6-brane. In other words, it can be thought of as the world-volume
action of a Kaluza-Klein monopole. Let the M-theory circle be described by the
Killing vector K = ∂z. Then
SKK7 = −TKK7
∫
d7ξK2
√
− det ∂iXM∂jXNΠMN
ΠMN = gMN −K−1KMKN
(A.1)
The action is that of a gauged sigma model. ΠˆMN projects eleven to ten-
dimensional vectors. One verifies by explicit calculation that (A.1) reduces to
25
the DBI action of a D6-brane.
We want to use ΠMN to describe calibrated cycles of D6-branes in type
IIA using M-theory notation. Recall that a D6-brane embedding Xµ(ξi) is
supersymmetric if it satisfies the calibration condition
X∗φD6 =
√−gind. (A.2)
Here (gind.)ij = ∂iX
µ∂jX
νgµν is the induced metric and φD6 the calibration
form (2.15). Defining (eˆIIA)AM = ΠMN Eˆ
NA we have, using (2.8), (eˆIIA)a =
e−
Φ
3 ea. We can now define the M-theory lift of the type IIA calibration form as
φKK7 = (eˆ
IIA)x
0x1x2x3 ∧ [(eˆIIA)125 − (eˆIIA)345 − (eˆIIA)ρ24 − (eˆIIA)ρ13] (A.3)
In an abuse of notation, we have labeled this the calibration form of a KK-
monopole. Also
√−Π = e− 73Φ√−gind., and we arrive at a lifted form of the
calibration condition (A.2),
X∗φKK7 =
√−Π (A.4)
We will now use (A.4) to study D6-brane embeddings. Recall that there are
three U(1) isometries, with three different dimensional reductions
∂ψ+ψ˜ ⊂ σ × Σ Resolved conifold
∂φ ⊂ σ Resolved conifold
∂φ˜ ⊂ Σ Deformed conifold
(A.5)
Color embeddings Color embeddings are those which wrap only a compact
cycle. In the case at hand they do not extend along the radial direction at all.
If we specify to the deformed conifold, that is, we choose the isometry K = ∂φ˜,
we find an embedding parameterized by8
xµ ρ θ φ ψ θ˜ φ˜ ψ˜
− ρ0 ◦ ◦ ◦ . K . (A.6)
The embedding exists only at ρ = ρ0 as
X∗φKK7 = −2ρ
3 + ρ30
72
√
3
sin θ
√−Π = −4ρ
3 + ρ30
72
√
3
sin θ
X∗φKK7
ρ→ρ0
=
√−Π
(A.7)
So we recover the color brane embedding of the string dual we started with.
Note that this cycle is calibrated in M-theory though. I.e. it is a minimum
volume cycle of the eleven-dimensional geometry.
For the resolved conifold associated with K = ∂φ one might try an embed-
ding as
xµ ρ θ φ ψ θ˜ φ˜ ψ˜
− ρ0 . K . ◦ ◦ ◦ (A.8)
However, the cycle in question vanishes at ρ = ρ0, as one would expect.
8The notation for these embedding diagrams is as follows: a − signals a non-compact
direction along which the brane extends, a ◦ a wrapped compact one. K denotes the M-
theory circle associated with the Killing vector K, . finally stands for localized directions.
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Massless flavor embeddings Massless flavor branes extend fully along the
radial direction ρ. Therefore they only need to wrap a two-cycle in the internal
geometry and one can make the following guess
xµ ρ θ φ ψ θ˜ φ˜ ψ˜
− − . . ◦ . . ◦ (A.9)
Note that this embedding works for both the ∂φ and the ∂φ˜ isometries.
For the deformed conifold, i.e. reduction along ∂φ˜, we obtain the relation
X∗φKK7 =
ρ2
6
√
3
sin2 θ˜
√−Π = ρ
2
6
√
3
sin θ˜
(A.10)
demanding θ˜ = π2 . The resolved conifold associated with ∂φ gives
X∗φKK7 =
ρ2
6
√
3
sin2 θ
√−Π = ρ
2
6
√
3
sin θ
(A.11)
demanding θ = π2 ; whereas for the ∂ψ+∂ψ˜ reduction bothX
∗φ and
√−Π vanish.
Interestingly, in M-theory the cycle (xµ, ρ, ψ, ψ˜) is calibrated in the traditional
sense; that is, it is a minimal volume cycle.
Massive flavor embeddings Naturally one would like to relax the con-
straints on θ and θ˜ respectively from the above paragraph. A good guess to
do so lies in assuming a relation between ρ and θ (or θ˜).
In the case of the ∂φ˜ reduction, we assume
xµ ρ θ φ ψ θ˜ φ˜ ψ˜
− ρ(θ˜) . . ◦ ◦ . ◦ (A.12)
Then
X∗φKK7 =
(ρ3 − ρ30) cos θ˜ + 3ρ2ρ′ sin θ˜
18
√
3
sin θ˜
√−Π =
√
(ρ3 − ρ30)2 + 9ρ4(ρ′)2
18
√
3
sin θ˜
(A.13)
Demanding the two expressions to agree, it follows that
ρ′(θ˜) =
ρ3 − ρ30
3ρ2
tan θ˜
ρ(θ˜) =
(
ρ30 + e
3C1 sec θ˜
)1/3 (A.14)
with C1 being a constant of integration, associated with the mass of the flavors,
as we will show now. sec θ˜ ∈ [1,∞), so the brane reaches down to (ρ30+e3C1)1/3.
Thus the massless limit is given by C1 → −∞. In order to compare this em-
bedding with the massless one of the previous paragraph, we have to solve the
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embedding equation for θ˜ before taking this limit – as we expect the brane to
be localized in θ˜, so the mapping θ˜ 7→ ρ is ill defined. The result is
θ˜ = arccos
e3C1
ρ3 − ρ30
(A.15)
So in the limit C1 → −∞, the brane sits once more at θ˜ = π2 , which is also the
position of the brane for ρ≫ ρ0.
For the ∂φ reduction, one needs to swap θ for θ˜. Then,
xµ ρ θ φ ψ θ˜ φ˜ ψ˜
− ρ(θ) ◦ . ◦ . . ◦ (A.16)
The calibration condition is given by
X∗φKK7 =
(8ρ6 − 7ρ3ρ30 − ρ60) cos θ + 6ρ2(4ρ3 − ρ30)ρ′ sin θ
36
√
3(4ρ3 − ρ30)
sin θ
√−Π =
√
4ρ6 − 6ρ3ρ30 + ρ60 + 36ρ4(ρ′)2
36
√
3
sin θ
(A.17)
leading to a differential equation for ρ that is considerably harder to solve than
the previous one. One can study it numerically, obtaining results similar to
those of the previous embedding. As to analytic results, setting ρ0 → 0, leads
to simplifications allowing for
ρ(θ) = C1(sec θ)
1/3 (A.18)
which is identical to (A.15) in the same limit.
B Kaluza-Klein reduction of supergravity vari-
ations with torsion
We review the dimensional reduction of the SUSY variations – with an additional
torsion term – from eleven to ten-dimensional supergravity. Conceptually we
follow [3], our conventions are slightly different though. We assume a space-
time with topologyM10×S1 and label the eleventh coordinate as z. Naturally
all fields will be independent of z. Further assuming the eleven-dimensional
background to be purely gravitational, we only need to consider the variation
of the gravitino,
δǫˆψˆM = ∂M ǫˆ+
1
4
ωˆMABΓ
AB ǫˆ +
1
4
τˆMAB Γˆ
AB ǫˆ (B.1)
which we have modified by the presence of the torsion term τˆ . As in section 2.1
we take the vielbein to be in Scherk-Schwarz gauge (2.8).
We shall perform the reduction of (B.1) step by step and our first aim shall
be the reduction of the spin connection
ωˆABC =
1
2
(
ΩˆCAB − ΩˆBAC − ΩˆABC
)
(B.2)
28
with the objects of anholomorphicity defined as
ΩˆABC =
(
∂M eˆ
K
N − ∂N eˆKM
)
ηˆKAEˆ
N
B Eˆ
M
C (B.3)
Then
ωˆzbc = +
e
4
3
Φ
2
(dA)bc ωˆabc =
e
1
3
Φ
3
(ηab∂cΦ− ηac∂bΦ) + e 13Φωabc
ωˆabz = −e
4
3
Φ
2
(dA)ab ωˆzaz =
2
3
e
1
3
Φ∂aΦ
(B.4)
Note that we use dAµν instead of Fµν as we are anticipating the inclusion of
sources such that F is no longer exact.
Turning to the gravitino, one could make an ansatz
ψˆM =
(
emΦψµ, e
nΦλ
)
(B.5)
and
ǫˆ = elΦǫ (B.6)
with l,m, n ∈ C. Yet, as we will see, we will need to consider linear combinations
such as ψˆµ = e
mΦψµ + e
nΦΓµλ+ e
pΦΓµΓ
11λ.
We begin with the covariant derivative of the SUSY spinor, looking first at
the vector components:
e−lΦDˆµǫˆ = (l∂µΦǫ+ ∂µǫ) + e
a
µ
[
1
4
ωabc +
1
12
(ηab∂cΦ− ηac∂bΦ)
]
Γbcǫ
− 1
4
eΦeaµdAabΓ
bΓ11ǫ+
(
1
8
e2ΦAµdAbcΓ
bc +
1
3
eΦAµ∂bΦΓ
bΓ11
)
ǫ
+
1
4
τˆµbcΓ
bcǫ+
1
2
τˆµbzΓ
bΓ11ǫ
(B.7)
The scalar component satisfies
e−lΦDˆz ǫˆ =
e2Φ
8
dAbcΓ
bcǫ +
eΦ
3
∂bΦΓ
bΓ11ǫ+
1
4
τˆzbcΓ
bcǫ +
1
2
τˆzbzΓ
bΓ11ǫ (B.8)
Equations (B.7) and (B.8) hold in string frame. To convert to Einstein frame
we need to recall that the gamma matrices are defined in tangent space, from
which it follows that only the curved space gamma matrices are affected by
Weyl transformations. For a generic Weyl transformation, we have
eaµ 7→ eδΦeaµ Ωabc 7→ e−δΦΩabc + e−δΦδ(ηab∂cΦ− ηac∂bΦ)
Eµa 7→ e−δΦEµa ωabc 7→ e−δΦωabc − δe−δΦ(ηab∂cΦ− ηac∂bΦ)
∂a 7→ e−δΦ∂a dAa1...ap 7→ e−pδΦdAa1...ap
Γa 7→ Γa ηab 7→ ηab
τˆµbc 7→ τˆµbc
(B.9)
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So that with (eS)aµ = e
1
4
Φ(eE)aµ, δ =
1
4 ,
e−lΦDˆµǫˆ = (l∂µΦǫ+ ∂µǫ) + e
a
µ
[
1
4
ωabc +
1
48
(ηab∂cΦ− ηac∂bΦ)
]
Γbcǫ
− 1
4
e
3
4
ΦeaµdAabΓ
bΓ11ǫ+
(
1
8
e
3
2
ΦAµdAbcΓ
bc +
1
3
e
3
4
ΦAµ∂bΦΓ
bΓ11
)
ǫ
+
1
4
τˆµbcΓ
bcǫ+
1
2
τˆµbzΓ
bΓ11ǫ
e−lΦDˆz ǫˆ =
e
3
2
Φ
8
dAbcΓ
bcǫ+
e
3
4
Φ
3
∂bΦΓ
bΓ11ǫ+
1
4
τˆzbcΓ
bcǫ+
1
2
τˆzbzΓ
bΓ11ǫ
(B.10)
One needs to compare (B.7) and (B.8) or (B.10) repectively to the SUSY
variations of the ansatz (B.5)
Dˆµǫˆ = δǫˆψˆµ = e
mΦ (mδǫˆΦψµ + δǫˆψµ) = e
mΦδǫˆψµ
Dˆz ǫˆ = δǫˆψˆz = e
nΦ (nδǫˆΦλ+ δǫˆλ) = e
nΦδǫˆλ
(B.11)
The last equalities follow from the fact that we assume the spinor fields to vanish.
However the resulting variations will explicitly depend on the gauge-potential
A. We therefore replace the original ansatz (B.5) with
ψµ = ψˆµ − x2eaµηabΓbΓ11ψˆz − x3Aµψˆz
λ = x1ψˆz
ǫˆ = elΦǫ
(B.12)
which amounts to a field redefinition in ten dimensions. If one was to work
properly, one had to peform the dimensional reduction of the action as well in
order to make sure that the fermion terms have the proper normalizations. The
SUSY variations of (B.12) are
δǫψµ = δǫψˆµ − x2eaµηabΓbΓ11δǫψˆz − x3Aµδǫψˆz
= e−lΦDˆµǫˆ− x2eaµηabΓbΓ11e−lΦDˆz ǫˆ− x3Aµe−lΦDˆz ǫˆ
δǫλ = x1e
−lΦDˆz ǫˆ
(B.13)
Note that the variations of the bosonic fields all vanish, as we have set the
fermions explicitly to zero. Our aim is to compare (B.13) with the IIA Einstein
frame SUSY variations as taken from [53]
δλ =
√
2
4
∂µΦΓ
µΓ11ǫ+
3
16
1√
2
e
3
4
ΦdAµ1µ2Γ
µ1µ2ǫ (B.14a)
δψµ = Dµǫ +
1
64
e
3
4
ΦdAµ1µ2
(
Γ µ1µ2µ − 14δµ1µ Γµ2
)
Γ11ǫ (B.14b)
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Before evaluating (B.13), we calculate9
x2e
a
µηabΓ
bΓ11e−lΦDˆz ǫˆ
= x2
1
8
e
3
2
ΦeaµηabdAcd(Γ
bcd + 2ηbcΓd)Γ11ǫ
− x2 1
3
e
3
4
Φeaµ∂aΦǫ− x2
1
6
e
3
4
Φeaµ(ηab∂cΦ− ηac∂bΦ)Γbcǫ
− 1
2
x2e
a
µηabτˆzazǫ−
1
2
x2e
a
µηabτˆzczΓ
bcǫ+
1
4
x2e
a
µτˆzcd(ηabΓ
bcd + 2δcaΓ
d)Γ11ǫ
(B.15)
Putting things together, we use equations (B.10) and (B.13)
δǫψµ = (l∂µΦǫ+ ∂µǫ) + e
a
µ
[
1
4
ωabc +
1
48
(ηab∂cΦ− ηac∂bΦ)
]
Γbcǫ
− 1
4
e
3
4
ΦeaµdAabΓ
bΓ11ǫ
− x2 1
8
e
3
2
ΦeµηabdAcd(Γ
bcd + 2ηbcΓd)Γ11ǫ
+ x2
1
3
e
3
4
Φeaµ∂aΦǫ+ x2
1
6
e
3
4
Φeaµ(ηab∂cΦ− ηac∂bΦ)Γbcǫ
+
(
1
8
e
3
2
ΦAµdAbcΓ
bc +
1
3
e
3
4
ΦAµ∂bΦΓ
bΓ11
)
ǫ
− x3
(
e
3
2
Φ
8
eaµAadAbcΓ
bc +
e
3
4
Φ
3
eaµAa∂bΦΓ
bΓ11
)
ǫ
+
1
4
τˆµbcΓ
bcǫ+
1
2
τˆµbzΓ
bΓ11ǫ
+
1
2
x2e
a
µηabτˆzazǫ +
1
2
x2e
a
µηabτˆzczΓ
bcǫ− 1
4
x2e
a
µτˆzcd(ηabΓ
bcd + 2δcaΓ
d)Γ11ǫ
− x3Aµ(1
4
τˆzbcΓ
bc +
1
2
τˆzbzΓ
bΓ11)ǫ
δǫλ = x1
e
3
2
Φ
8
dAbcΓ
bcǫ+ x1
e
3
4
Φ
3
∂bΦΓ
bΓ11ǫ + x1(
1
4
τˆzbcΓ
bc +
1
2
τˆzbzΓ
bΓ11)ǫ
(B.16)
Investigating this and comparing with (B.14) one sets l = 124 and
x1 =
3
√
2
4
e−
3
4
Φ
x2 = −1
8
e−
3
4
Φ
x3 = 1
(B.17)
to obtain the standard type IIA SUSY variations garnished with some additional
9The following is used here:
ΓaΓb = Γab + ηab
ΓaΓbΓc = Γabc + ηabΓc − ηcaΓb + ηbcΓa
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torsion terms:
δǫψµ = ∂µǫ+ e
a
µ
1
4
ωabcΓ
bcǫ+
1
64
e
3
4
ΦeaµdAcd
(
ηabΓ
bcd − 14δcaΓd
)
Γ11ǫ
+
1
4
τˆµbcΓ
bcǫ+
1
2
τˆµbzΓ
bΓ11ǫ
− 1
16
e−
3
4
Φeaµηabτˆzazǫ−
1
16
e−
3
4
ΦeaµηabτˆzczΓ
bcǫ
+
1
32
e−
3
4
Φeaµτˆzcd(ηabΓ
bcd + 2δcaΓ
d)Γ11ǫ
−Aµ(1
4
τˆzbcΓ
bc +
1
2
τˆzbzΓ
bΓ11)ǫ
δǫλ =
3
16
1√
2
e
3
4
Φ(dAbc + 2e
−
3
2
Φτˆzbc)Γ
bcǫ+
√
2
4
(∂bΦ +
3
2
e−
3
4
Φτˆzbz)Γ
bΓ11ǫ
(B.18)
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